Kassab, Ghassan S., Carmela A. Rider, Nina J. Tang, and Yuan-Cheng B. Fung. Morphometry of pig coronary arterial trees. Am. J. Physiol. 265 (Heart Circ. Physiol. 34): H350-H365, 1993.-To establish a mathematical model of the treelike arteries for the purpose of hemodynamic analysis, a complete set of morphometric data of pig coronary arteries is presented. For the purpose of mathematical modeling, three innovations in morphometry are introduced: 1) a rule for assigning the order numbers of the vessels on the basis of diameter ranges, 2) a connectivity matrix to describe asymmetric branching, and 3) a measurement of the fraction of vessel segments connected in series. The morphometric measurements were made with the silicone elastomer-casting method. Data on smaller vessels were obtained from histological specimens by optical sectioning. Data on larger vessels were obtained from vascular casts. The order number, diameter, length, connectivity matrix, and fractions of the vessels of a given order connected in series were measured for all orders of vessels of the right coronary artery and the left anterior descending and left circumflex branches. The data can be used to analyze the longitudinal distribution of blood pressure and volume and spatial distribution of perfusion in myocardium. heart; coronary arteries; vessel segments; vessel elements; connectivity matrix; diameter-defined Strahler system frequency of pulsatile flow. These two parameters determine whether the flow is laminar or turbulent and whether the streamlines would separate from the vessel wall. Hence, we must know their values everywhere in the circuit. Given the values of U, V, and o, diameter is the quantity we must know. Second, in a steady laminar flow, Poiseuille's formula (e.g., Ref. 10 is directly proportional to the product of the fourth power of the diameter and the pressure drop and is inversely proportional to the first power of the vessel length. The fourth power is significant. For an accurate evaluation of resistance, the accuracy of diameter data is important.
Finally, in an unsteady flow the characteristic impedance (Ref. 10, p. 199 ) is the ratio PC/A, where p is the density of the blood, c is the speed of flexural waves in the blood vessel, and A is the cross-sectional area (CSA) of the vessel. These observations explain why the vessel diameter is given primary attention.
IN A RATIONAL
APPROACH to coronary blood flow analysis, one should use the geometry and material properties of the real system, apply the basic laws of physics to write down the governing equations, and solve the appropriate boundary-value problems. At present, a full set of data describing the geometric properties of the entire coronary vasculature does not exist. Nor does a full set of data on blood vessel elasticity exist. The purpose of the present study is to establish a mathematical model of the geometry of the coronary arteries and to supply a full set of morphometric data of the pig heart.
There are two popular models of vascular trees: Weibel's bifurcation model (SO) and Strahler's rivulets model (27) . Their history, applications, strengths, and weaknesses are discussed in MATHEMATICAL MODELS.
In application to the coronary vasculature, we found that these models have serious shortcomings.
Hence, a new model is proposed. Our model is called the "diameter-defined Strahler model," i.e., the Strahler model with the addition of a rule based on the diameter of the blood vessels.
Anatomic studies of coronary arteries using X-rays and various kinds of casts have a long history (see Ref. 35 for review). Morphometry of the coronary microvasculature was initiated by Spalteholz (26) and Nussbaum (19), who described the coronary capillaries. In 1928, Wearn (29) , using india ink injections and light microscopy, measured the ratio of the numbers of muscle fibers and capillaries in humans, cats, and rabbits. Brown (6), in 1965, using a modified Wearn technique, described the branching patterns of arterioles, capillaries and venules of six domestic animals. Ludwig (18), using an improved Wearn method, obtained the functional length of capillaries (linear distance between an adjacent arteriole and venule) in rabbit hearts in 1971. In the 197Os, the Microfil technique was developed, whereby the heart was perfused with a liquid polymer that was catalyzed to solidify. Microfil was used by Grayson et al. (12) to study the epicardial anastomoses in the ventricle of the dog and by Bassingthwaighte et al. (3) to measure the density, diameters, intercapillary distances, and lengths of unbranched and functional capillaries of the dog left ventricle. In the 198Os, scanning electron microscopy (SEM) of vascular corrosion casts (Batson's or methyl methacrylate resin) was used to study the hearts of humans and animals (see Ref. 1 for review). Finally, the glutaraldehyde or formaldehyde perfusion-fixation technique was used extensively to study the coronary microvasculature (see Refs. 2 and 20 for review).
We recognize the diameter as an important variable for several reasons. First, any model must obey the rule of dynamic similarity. As is well known in fluid mechanics, dynamic similarity reduces to the simulation of two dimensionless parameters, the Reynolds number and the Womersley number (see Ref. 10 These past studies have yielded a wealth of qualitative and quantitative information about some parts of the coronary vasculature. Yet a complete data set of the coronary vasculature does not exist. This paper is the first, with the companion study to provide such a set of data.
METHODS

Animal preparation.
Studies were performed on five 3-to 4-mo-old farm pigs weighing 29-31 kg (30.1 2 0.7 kg). Surgical anesthesia was induced with ketamine (33 mg/kg im) and atropine (0.05 mg/kg im) and was maintained with pentobarbital sodium (30 mg/kg iv in an ear vein). A midline sternotomy was performed; ventilation with room air was provided with a Harvard respiratory pump, and anticoagulation was provided with heparin (3 mg/kg). Arterial pressure was measured through a catheter inserted into the carotid artery and was monitored with a strip-chart recorder. An incision was made in the pericardium, and the heart was supported in a pericardial cradle. A l-liter bottle containing a hypothermic (lOOC), isosmotic, cardioplegic rinsing solution [composed of calcium chelator ethylene glycol-bis(&aminoethyl ether)-N,N,N',N'-tetraactetic acid (EGTA), 1 mM; calcium-channel blocker nifedipine, 0.2 mg/l; and adenosine, 80 mg/l] was hung above the heart. A 14-gauge needle was connected to the rinsing solution with 2.0-m-long Tygon tubing. The needle was inserted into the ascending aorta with no perfusion initially (the Tygon tubing was clamped). The heart was then arrested with a saturated KC1 solution given through a jugular vein, and the tubing was unclamped to allow immediate perfusion of the cardioplegic rinsing solution. The aorta was clamped proximal to the needle to allow perfusion of the coronaries through Valsalva's sinus. The superior and inferior venae cavae were cut to allow free drainage of the blood. The heart was covered with crushed ice for several minutes during perfusion with ~500 ml of cardioplegic solution. The heart was then excised with the ascending aorta still clamped to keep air bubbles out of the coronary vessels.
Isolated heart preparation.
The heart was placed in a cold (OOC) saline bath (Fig. 1) . The major coronary arteries [right coronary artery (RCA), left anterior descending artery (LAD), and left circumflex artery (LCX)] were cannulated under saline to avoid air bubbles. Additional rinsing solution was perfused into the coronaries through the cannulas before casting (stopcock was closed to tube 1 and opened to tube 2, as shown in Fig.   1 ). This rinsing solution was different from the one used previously in that it lacked EGTA but contained 2,3-butanedione monoxime (1.5 g/l), which was found to be especially effective in maintaining the heart in a relaxed state. \ I\/( Making a polymer cast of coronary vasculature for histological studies. A solid cast of the coronary vasculature was made with a liquid polymer that was catalyzed with 6.0% stannous 2-ethylhexoate and 3.0% ethyl silicate to solidify in a specific period of time. The method was described by Sobin and Tremer (24), who used the General Electric silicone elastomer GE compound 88017 and verified that this compound causes no measurable change of volume on catalyzing and solidification, is nonexothermic in polymerization, and is nontoxic to the endothelium. Fung (unpublished observations) has verified that the contact angle of this elastomer liquid with blood and the vascular endothelium is nearly zero, so that in perfusion it will draw itself into the capillary blood vessels by surface tension. The change of viscosity of the liquid in the process of hardening and the control of the rate of hardening by varying the concentration of the catalysts are described in detail by Fung et al. (11) . GE-88017 is not available commercially. An equivalent compound called CP-101 can be purchased from Flow Technology (Boulder, CO).
We used a freshly catalyzed and well-stirred elastomer solution that was degassed under a vacuum of approximately -75 cmH,O to remove air bubbles formed by stirring and perfused the coronary arteries with the stopcock opened to tube 1 and closed to tube 2, as shown in Fig. 1 . The perfusion pressure was set initially at 130 mmHg for 5 min and then lowered and maintained at 80 mmHg until the elastomer was hardened, in -70-80 min. The heart was then refrigerated in saline for several days to increase the strength of the silicone rubber before preparations for histological studies.
For histological studies, 12 plugs of myocardial tissue were removed from each the left and right ventricles of 4 pigs. Each plug was -4 x 4 mm in cross section and extended from epicardium to endocardium. Each plug was mounted (using Tissue-Tek tissue mount) on the stage of a Jung-type sliding freezing microtome (Sartorius-Werke, Gottingen, Germany). A valve of a highly pressurized tank of CO, gas was opened to release CO, to cool the stage and freeze the tissue. Serial sections of 60-to 80-pm thickness were cut from the entire plug.
Each section was floated in water into a separately numbered well of a 24-well tissue culture plate (Costar, Cambridge, MA). The water in the wells was then replaced by 200-proof ethyl alcohol to dehydrate the sections overnight. After dehydration, each section was placed in a labeled 6-ml minivial containing several milliliters of methyl salicylate to render the myocardium transparent and the silicone elastomer-filled microvasculature visible in light microscopy.
Recognition and separation of arterioles and venules in histological slides. At the onset of this study, a method to distinguish arterioles from venules was made by use of a colloidal silica called Cab-0-Sil (Eastman Kodak). Subsequent to the perfusion of the catalyzed silicone elastomer through the coronary arteries, 0.1% Cab-0-Sil was mixed into the catalyzed silicone elastomer, and the perfusion was continued. The colloidal silica formed agglomerated particles whose effective diameter exceeded that of the capillaries (32) . Cab-0-Sil can then be seen as refractile material in the arterial vessels. Veins were identified by their lack of Cab-0-Sil. After this protocol was used for some time, it became clear that the branching pattern of the two trees is so distinctive that the use of Cab-0-Sil became unnecessary. Figure 2 shows examples of arterioles from the left and right ventricular free walls, respectively.
Measurement
of microvascular trees from histological specirnens. Morphometry of the microvasculature was done by changing the focal plane through the thickness of the histological section (optical sectioning). An image-processing system (Data Translation DT2851 software with an IBM-AT computer) was specifically developed for accurate and efficient data collection. The microvasculature was viewed with an inverted light microscope (Olympus, resolution 0.6 pm at x600) and ing system. Several lumen diameter measurements were made displayed on a color video monitor (Sony Trinitron) through a along each vessel segment to obtain a mean diameter, and the television camera (COHU solid-state camera). The image was vessel segmental length was obtained by measuring between grabbed by the computer software and analyzed with a digitiz-bifurcation points along the centerline of the vessel.
Polymer cast of an arterial tree. For morphometry of an arterial tree, a cast without capillaries and veins was desired. Such a cast was obtained by use of Cab-0-Sil with a protocol identical to that described in Making a polymer cast of coronary vasculature for histological studies except that 0.1% Cab-0-Sil was mixed with the catalyzed silicone elastomer to perfuse the arterial bed. The cast heart, after being refrigerated in saline for several days to increase the strength of the polymer, was corroded with a 30% KOH solution for several days. The corroded tissue was then washed away with soap and water. The three coronary arteries separated easily with little dissection. The polymer casts of the RCA, LAD, and LCX are shown in Fig. 3 . There is no doubt that the major features are treelike.
of a polymer cast of a coronary arterial tree.
The casts were dissected and viewed with a stereo-dissecting microscope (x60 magnification, 2.5 pm optical resolution) and displayed on a video monitor through a television camera as mentioned in Measurement of microvascular trees from histological specimens, and cast images were grabbed and analyzed with the digitizing system. The coronary arteries were reconstructed completely with the lumen diameter and length of each vessel segment measured. The trunk of each coronary artery was sketched, and its segments were measured. The subtrees arising from the trunk were labeled, pruned, placed in separate jars, further pruned, sketched, and measured. This process was continued until the entire tree cast was sketched and its morphometric measurements made.
MATHEMATICAL MODEL
Weibel and StrahZer models. The best known mathematical models of treelike structures in physiology are Weibel's (30) bifurcation model, and Strahler's (27) model of rivulets collecting into a river. In Weibel's model each branch is assigned a "generation" number. If the largest trunk is designated as generation 0, then there are two branches of generation 1 (2" branches of generation n). Weibel (30) used this model to describe the human airways. Strahler's model has several versions. The first version is the reverse of Weibel's. Each branch is assigned an "order" number. The smallest branches are assigned the smallest order number. In the second version, the rule is imposed that when a vessel of order 2 meets a vessel of order 1, the order number remains unchanged. Similarly, if a vessel of order 3 meets a vessel of order 2 or 1, the resulting vessel order number remains 3. In a final version, the successive branches of vessels of the same order number connected in series are considered as one vessel of a greater length.
The Strahler system was originally introduced by Horton (16) for geographical study of rivers. Strahler (27) Unsatisfactory features of existing models. The bifurcations of coronary blood vessels are usually asymmetric, i.e., the two daughter vessels are of unequal diameters and lengths. Weibel's model handles asymmetry with difficulty, but the Strahler model is designed to handle the asymmetry. Difficulties with Strahler's system arise when the daughter vessels are no smaller than the parent vessel but are assigned two different order numbers; when a large trunk has many small branches, so that the trunk appears tapered but is assigned only one order number; or when two trunks of similar diameters from two subtrees meet, but the order number of these two trunks is different. A serious shortcoming of both Weibel and Strahler systems is apparent when the ranges of diameters of the vessels of successive orders or generations are very broad. In a quantitative examination of the histograms of the diameters of vessels of successive orders, we found that the ranges of successive orders of vessels overlap extensively.
Overlap of ranges of diameters of successive orders greatly reduces the usefulness of the data for hemodynamic analysis. To see this, let P (D, n) be the probability density of finding an artery of diameter D of order n. Then the expected number of arteries of order n and with diameter in the range (D + dD, D -dD) is Nn l P(D, n) l dD, where N, is the total number of vessels of order n. The overlaps of P(D, n -l), P(D, n), and P(D, n + 1) mean that, when one wants to construct a network to analyze the blood flow, for a vessel of diameter D one would have to reach into three orders: n -1, n, and n + 1. Thus either the order numbers or the diameters are not arranged in an orderly manner. Thus the model fails to simulate a well-known feature of blood flow: that blood flows from larger arteries into smaller arteries. Alternatively, one may look at hemodynamics from the point of view of equivalent circuits and conclude that these overlaps make the calculation of the resistance to flow in successive orders of vessels excessively inaccurate.
To remedy these difficulties, we introduce an additional rule for the counting of orders and define our diameter-defined Strahler system.
Diameter-defined
Strahler model. To focus attention on vessel diameter, we introduce a rule that, when two vessels of a given order meet, the order number of the offspring is increased by one if and only if its diameter is larger than those of its parents by an amount specified by a criterion. The criterion should be selected to resolve the difficulties mentioned above.
The criterion chosen for the present paper is the following: we first use the conventional Strahler method (Fig. 4A ) to assign order numbers of vessels and collect data on the diameters of the vessels of each order. Let the mean and SD of the vessel diameter of an arbitrary order n found this way be Dn and An, respectively. Now we define a range of diameters around Dn and insist that a vessel is of order n if and only if its diameter lies between these bounds, which are
(1 ) a on the left and wl + A,) + al,, -4l+,)l/2 (lb) on the right. When this rule is used, the order numbers of the blood vessels are revised. After revision, new values of Dn and An are recomputed for n = 1, 2, . . . , and the process is repeated until convergence is obtained. One or two cycles are generally enough for this purpose. This choice of diameter range is nonunique. It is, however, simple and has been shown to reduce An with small changes in D, (17). Figure 4B shows the changes incurred by the diameter-defined criterion on the tree of Fig. 4A . The final result is a system for which the diameter ranges of vessels of successive orders have no overlap. In other words, the probability density function P( D, n), when plotted as a function of D, resolves itself into a series of nonoverlapping curves arranged in the order of ascending order number 1, 2, 3, . . . .
Technical considerations in morphometry.
The main trunks of the RCA, LAD, and LCX were examined in detail, and the diameters and lengths of all their segments and immediate side branches are presented in totality in Fig. 5 . These figures provide not only the raw data needed for the statistics, but also details that are needed for hemodynamic studies of the spatial numbering defined by diameter ranges leads to a diameter-defined Strahler system. Here vessel AB is designated as order 3 because its diameter is large enough to qualify it as order 3 according to criterion defined by Eqs. la and Ib. C: nomenclature of elements and segments to identify analogous parallel-series network characteristics. In this example, 1.0 order 2 elements arise from each order 3 element, 0.2 A 0.2 order 1 elements arise from another order 1 element, and 2.0 order 1 elements arise from each element of order 2 or 3. For capillaries of order 0,2.6 * 0.89 arise from each order 1 element and 1.0 arise from each order 2 or 3 element.
distribution of the perfusion of myocardium and the local flow in arteries. The subtrees originating in the immediate side branches of the trunk were sketched and measured. The subtrees were perfused to various degrees by Cab-0-Sil and completely measured. Vessels of order 4 and below were observed mainly in histological tissue blocks. In these blocks one can observe the capillaries and trace the vessel orders upward. From each subtree we obtain a set of data. From many histological subtrees we obtain statistical data, which are matched with the arterial cast data to obtain a statistical model of the whole heart. An example of data handling is given in the APPENDIX. Order number of each blood vessel. Because the coronary arterial system is treelike, we can use the diameter-defined Strahler system. The smallest arteries are designated as vessels of order 1 when two order 0 capillaries meet. Larger arteries are designated as vessels of orders 1, 2, 3, . . . , in the direction of increasing diameter according to the rules stated in Diameterdefined Strahler model. Vessels on the venous tree are designated according to the same rules, except that their order numbers will be preceded by a minus sign. Thus the veins have orders -1, -2, -3, . . . , in the direction of increasing diameter - (Fig. 4) .
Coronary capillary blood vessels are smaller than the smallest arteries and veins, and their topology is not treelike. Preliminary morphometric results of the coronary capillary network are presented by Kassab (17). The capillaries are given an order number of 0, as illustrated in Fig. 4 .
Assigning order numbers to arterial microvessels in histological specimens. Histological sectioning cuts arterioles of various diameters. For vessels in the range of 8-9 pm, arterioles are identified by their tortuosity, and capillaries are identified by their nontreelike topology; they are assigned orders 1 and 0, respectively. For vessels of larger diameter, however, statistical methods must be used to assign the order numbers. Beginning with vessels of orders 0 and 1, we assign order numbers to all segments in histological specimens obtained from the left or right ventricle of each heart according to Strahler's scheme. We thus obtained the diameters of a number of vessels of orders 1 and 2. From their means and SD we applied Eq. 1 to define a diameter range for order 1 vessels. We then revised the assigned order numbers if it was necessary and proceeded to obtain data on diameters of vessels of order 3. Then &. 1 was used again to compute the ranges of the diameters of vessels of orders 1,2 and 3. The order numbers of all vessels of orders 1, 2 and 3 were revised accordingly, and then we proceeded to vessels of order 4. This process was continued until the order numbers of all vessel segments of the arterial microvessels were assigned and the means and SDS of the diameters of every order converged.
Assigning order numbers to vessels of arterial cast. The assignment of order numbers to the vessel segments in the coronary arterial casts was also done statistically. The data on diameters of vessels of orders 3 and 4, obtained from histology, were used to assign order numbers to the segments of the cast whose diameters fell within the diameter ranges of orders 3 and 4. Diameters of vessels of orders 4 and 5 were then obtained according to the Strahlerian scheme; the borders of diameters between successive orders were computed according to Eq. 1, and then the vessel orders were adjusted; the process was continued until the order numbers were assigned to all the vessels in the cast. This process requires several iterations until convergence was obtained (convergence is defined by changes of 4% in successive iterations).
Fraction of vessel segments connected in series in a given order. We call each blood vessel between two nodes of bifurcation a "segment." In the diameter-defined Strahler model there are segments connected in "series," as shown in Fig. 4C . These serially connected segments function as a single tube in hemodynamics, each tube of which is called an "element." The ratio of the total number of vessel segments to the total number of vessel elements in any given order is the segments-to-elements ratio (S/E), which is measured. This ratio is a significant parameter in the mathematical model of the arterial tree. The lengths of the elements of each order are measured, the mean and SD of which are affected by S/E. Matrix description of branching pattern. Figure 4C illustrates a common situation in which some vessels of order 0 come from parents of order 1, some come from parents of order 2, some come from parents of order 3, etc. In general, vessels of order n may spring from vessels of orders n + 1, n + 2, . . . . Information of this sort is useful if one wishes to construct a more realistic mathematical model of the vasculature and can be presented in the form of a matrix, the component of which in row n and column rn is the ratio of the total number of elements of order n sprung from elements of order rn, divided by the total number of elements in order m.
To experimentally obtain the matrix, we must first group all the vascular branches into elements, then record for each element of order m the number of elements of orders m, m -1, m-2,..., that arise directly from that element. Statistics are then used to obtain the mean value and SE of each component of the matrix.
Data of this kind do not exist in the literature. Hence a major effort was made to obtain them. We call the results the "connectivity matrix." Because this aspect is new, and because at the outset we do not know whether the connectivity matrices of larger and smaller subtrees of the coronary artery are similar (or how they are similar or different), we made the decision to examine the whole tree for all the branches of the casts of order 4 and above, rather than to sample the subtrees randomly. This was a decision to opt for a labor-intensive approach. The philosophy is to know one heart very well rather than many hearts marginally. The underlining premise is that the vasculature is a circuit, and we would like to know one circuit in every detail. After the statistical regularity is established, the trees can be documented statistically.
RESULTS
Arterioles branch off at almost right angles from the small penetrating arteries and either take an oblique course to the nearest capillary bed or wind around a muscle fiber to proceed to a more distant muscle fiber. The three-dimensional dichotomous branching pattern of the small arterioles is shown in Fig. 2 . The branching of the whole arterial tree was found to be 98% bifurcations and 2% trifurcations, with little arcading or anastomoses.
There are three types of small precapillary arterioles (order 1 vessels) that feed the order 0 capillaries. In one type, an -10.pm arteriole roughly parallel to a capillary bed gives rise to several capillaries. This arteriole gradually tapers in the direction of the muscle fiber while feeding as many as six capillaries along its length until it becomes as small as 8 pm in diameter and terminates in a bifurcation giving rise to two capillaries. These arterioles can be distinguished from the capillaries by their tortuosity: the arterioles are tortuous, and the capillaries are smooth. The capillaries cannot be as tortuous because they are closely connected to the myocytes through collagen struts (5). In a second type, a feeding number of elements is smaller than the number of segments. These tables show that a total of 11 orders of The percentages of order 1 vessels of the former to the latter types are 51, 23, and 26% in the right ventricle vessels lies between the coronary capillaries and the aortic sinus. and 47, 20, and 33% in the left ventricle. Figure 6 shows the relationship between the mean Data on arterial trees of the same hearts begin with vessel diameter and the order number for the elements Values are means t SD; n, no. of vessels measured. LAD, left anterior descending coronary artery. of the RCA, LAD, and LCX. Figure 7 shows the relationship between the mean vessel element length (L) and the order number for the RCA, LAD, and LCX. The curves in Fig. 6 
n-l This shows that the ratio of the diameters of successive orders of arteries is a constant independent of n. The ratio, lob, is called the "diameter ratio." Equations 2 and 3 are known as Horton's law. Thus the mean element diameter grows as a geometric sequence with the order number in accordance with Horton's law (16) . A system obeying such a law is said to be "fractal."
The mean element length also obeys Horton's law but with a discontinuity in the slope at order 3 (Fig. 7) . The equation for the element length (L) can be written as log,,L, = a + bn (4) with a, b for orders 1,2, and 3 being different from a,b for H359 orders 4 and above of RCA, LAD, and LCX, as listed in Table 4 . The mean element diameter and length ratios are also listed in . . excellent, that the element diameter ratios of RCA, LAD, and LCX are 1.81, 1.84, and 1.89, respectively, whereas the element length ratios of RCA, LAD, and LCX are 2.12,2.02, and 2.20, respectively, for orders 4-11 but 1.19, 1.14, and 1.14 for orders l-3, respectively. Table 4 lists also the corresponding data for the diameters and lengths of successive orders of segments, some of which are in series and combine to form elements.
The "parallel-series" feature of the network of the vessel segments of any given order is characterized by S/E, the ratio of the total number of segments divided by the total number of elements. This numbers ratio is presented in Table 5 .
S/E can be plotted as a function of n for each tree and fitted by a fifth-order polynomial. The fitting is shown in Fig. 8 . S/E is the average number of vessel segments in series per element. Bifurcations of the largest orders are most asymmetric. The degree of asymmetry decreases with a decrease in the order number and S/E. S/E of unity implies complete symmetry.
The connectivity of blood vessels of one order to another is given by the connectivity matrix (m,n). The connectivity matrices of the three coronary arterial trees, RCA, LAD, and LCX, are given in Tables 6, 7 , and 8, respectively.
The total number of arterial elements of each order can be computed from information given in Tables 6-8 , starting from the largest trunks of each tree, whose numbers are known exactly. An example of such a computation is given in the APPENDIX.
The results are presented in Table  9 . If the total number of arterial segments of each order is desired, one need only to multiply the number of elements by the ratio of the number of segments to the number of elements presented in Table 5 .
When the number of elements of order n, N,, is plotted against n on a semilog paper as in Fig. 9 , it is seen that the data fit a straight line. Thus an equation similar to Eq. 2 applies logION, = a + bn (5) The constants a and b obtained by least-squares fitting of data are presented in Table 4 .
The data on the diameters, lengths, and number of Values are means k SD; n, no. of observations. S/E, segment-toelement numbers ratio, which is ratio of total no. of segments in a given order to total no. of elements in that order. This ratio is also average no. of vessel segments in series for each order of vessels. elements can be used to compute the total CSA and blood volume in the coronary arteries. The total CSA, A,, is equal to the product of the area of each element and the total number of elements
The results are plotted in Fig. 10 and fitted with fifthorder polynomials. The SE of the total CSA is computed from Eq. 6a by taking differentials of both sides
The total blood volume in all elements of a given order, V,, is given by
The results are shown in Fig. 11 . The SE of the total volume are computed from Eq. 7a by taking its differentials also SV, = A,6L, + L,6A, VW and combining the result with IQ. 6b. The cumulative volume of whole artery is the summation of V, over n from 1 to 11.
DISCUSSION
Impact of our results on hemodynamic model. Three kinds of hemodynamic problems are of interest to cardiology: 1) longitudinal distribution of pressure and volume of blood in the coronary blood vessels, i.e., its pressure and volume in successive orders of arteries and veins and capillaries; 2) spatial distribution of perfusion in the myocardium; and 3) local details of the flow field that have influence on the endothelium, cholesterol transport, atherogenesis, atherosclerosis, stenosis, and dilatation. The importance of spatial distribution in myocardial infarction is obvious, but changes in spatial distribution are often caused by changes in local details of Table 6 . Connectivity matrix of pig RCA Values are means t SE. An element (m,n) in mth row and nth column is ratio of total no. of elements of order m that spring directly from parent elements of order n divided by total no. of elements of order n. flow, and local changes are often related to and revealed by longitudinal distribution of blood pressure and vascular volume. For example, the interaction of blood pressure, vessel elasticity, and smooth muscle tone may lead to the vascular "waterfall" phenomenon, which has a major effect on longitudinal blood pressure and volume distribution.
Morphometric data should impact all of these aspects of hemodynamics.
Our first contribution is the identification of the coronary arterial tree as one that belongs to the Strahler system (Fig. 4) . With the introduction of the diameterdefined rule of order discrimination, we offer a quantita-1 3 5 7 9 11 Order Fig. 9 . Relation between total corrected nos. of vessel elements in successive orders of vessels and order no. of vessels in pig RCA, LAD, and LCX.
tive method of assigning order numbers to vessel segments. Results presented in Tables l-3 give the dimensions of the vessels of all orders in the RCA, LAD, and LCX of the pig heart. Table 4 presents the empirical constants, whereas the results of Tables l-3 are represented by simple analytical formulas.
Our second contribution is the identification of these vessels of the same order connected in series. This distinguishes the series arrangement from the parallel arrangement, which is essential in constructing an equivalent electrical circuit of the vascular system. Our results are given in Table 5 . Our third contribution is the introduction of the connectivity matrix, which is explained in J&r& description of the branching pattern of MATHEMATICAL MODEL. An example of the connectivity matrix of the right coronary artery is given in Table 6 . The last column shows that the largest element, order number 11, is connected to no other order 11 vessel, 6 order 10 vessels, 5 order 9 vessels, 8 order 8 vessels, 11 order 7 vessels, 1 order 6 vessel, and no vessels smaller than order 6. Row 9 shows that 5 vessel elements of order 9 are directly connected with the largest vessel of order 11: 24 (2.40 X 10, where 10 is the number of vessels of order 10 according to Table 9 ) are connected to vessels of order 10, and 2 (0.059 x 35) are connected to other vessels of order 9, and so on.
In hemodynamics, the connectivity relationship must be known. For example, the flow in a vessel element of order m that springs from a larger vessel of order n is given by Poiseuille's formula Qmn = ,2iLrnL ipn -'ml m m (8) Here P, denotes the blood pressure at the exit end of blood flow (a) in an element of order 172. Because this particular element is connected to a larger vessel of order n, the inlet pressure to this element is the exit pressure of order n, with n > m. The vessel elements of order 171 that are connected to vessels of order n are a subset of the total elements of order nz. They are also a subset of the set of vessels of order n. The number of elements in this subset may be written as C(m, n) . N,, where C(m, n) is the ratio of the total number of elements of order m that spring directly from parent elements of order n, divided by the total number of elements of order n, N,. The total flow (Q) in all vessels of order m, is a sum of all the subsets, hence &m = 1 &nCtrn9 n)Nm
n>m Equation 9 demonstrates the importance of the matrix C(m, n) in computing flow. Our results on the connectivity matrices of RCA, LAD, and LCX are given in Tables 6-8 . These results, together with the number of elements presented in Table 9 , give substance to the scheme of representing coronary arterial trees as shown in Fig. 4 . These tables are statistical representations of the morphological structure of the 3.0 X lo6 arterial segments or 1.4 x lo6 arterial elements of the pig heart. Having obtained the statistical means and SDS of the vessels of every order in the whole heart, we can do longitudinal analysis of pressure, flow, and vascular volume in the coronary arteries in analog to electrical circuit analysis.
For the analysis of spatial distribution of myocardial perfusion we need the global pictures of the coronary trees, as illustrated in Figs. 3 and 5 . The larger vessels (of orders 8-l 1 in the pig) are spatially specific with each larger artery controlling a certain myocardial region. For the analysis of local details of flow we need not only the global models as shown in Fig. 3 , but also enlarged models of the sites of interest. The principles of geometric and dynamic similarity mentioned in the introduction must govern the modeling of these sites. Much research has been done in this regard because of the general interest in atherosclerosis, but a review is beyond the scope of the present paper.
New information on variation of total CSA and blood volume with order number. The shape of the curve of the total CSA of all vessel elements of the same order vs. the order number of the elements, as shown in Fig. 10 , is perhaps novel to most readers. Here it is seen that the CSA does not increase exponentially as the order number decreases toward one, i.e., toward the smallest arterioles. In fact, the CSA appears rather small and flat toward one, implying that the velocity of blood in pig coronary blood flow does not slow down significantly in arterioles as compared with that in large coronary arteries.
Unfortunately, there are no data in the literature to compare with our results on the heart. The curve of the airway CSA vs. the generation number shown in Weibel's book (Ref. 30 , p. 138, Fig. 105 ) for the lung shows an exponential growth. The data of Singhal et al. (22) for human pulmonary arterial tree also show an exponential growth with decreasing order number until it reaches order 1, where a very large jump was given (perhaps hypothetical). Finally, the data of Yen et al. (34) also show an exponential growth for cat pulmonary arterial tree with decreasing order number. The variation of the coronary blood volume with order number, however, is similar to that of the lung (Fig. 11) . It is shown that most of the blood in the coronary arterial trees resides in the larger coronary arteries, similar to in the lung (22, 34) . The cumulative volume of blood in each arterial tree calculated from our data is 1.4 t 0.15 (RCA), 0.98 t 0.21 (LAD), and 0.57 t 0.09 ml (LCX). These values are in agreement with our experimental measurements of the volumes of the elastomer casts.
Comparision with other works. To date only two organs have full sets of morphometric and distensibility data available and their hemodynamics fully explored theoretically on the basis of these data. One is the cat lung (Ref. 10, p. 290-369). The other is the spinotrapezius muscle of the rat (21). At present, such analysis cannot be carried out for the heart due to the lack of morphometric and distensibility data of the coronary blood vessels. The present article supplies part of the needed data.
Recently, Spaan (25) attempted to model the longitudinal pressure distribution and blood volume in the coronary arterial tree. The quantitative basis for his symmetrical dichotomous tree model was provided by defining and measuring the relations between diameter and length of vessel segments and number and diameter of vessel segments. Unfortunately, the morphometric data used were unsystematic and involved extrapolations for vessels ~400 pm in diameter. Therefore, the predicted blood volume and longitudinal pressure did not agree with experimental findings. Spaan (25) concluded, "This chapter could not provide a satisfactory quantitative relation between structure and function of the coronary arterial tree. There is little doubt that when a detailed description of a vascular branching tree is provided, the distribution of volume over the branch segments and the distribution of pressure over branching nodes will be able to be calculated." We hope to have offered such detailed anatomic data.
Scope of data. Our statistical data of the microvessels of orders l-4 were obtained from histological blocks in 12 regions of the left and right ventricles of 4 pig hearts.
We initally analyzed the statistical morphometric data from each heart separately to examine the variability among the four animals. We found no statistical difference in the morphometry of orders l-4 of the 4 hearts.
Hence, the data on orders l-4 were lumped together for each respective order of the 4 hearts. Our numerical tables of diameter, length, and number of elements in every order of coronary arteries from orders 4-l 1 of the three arterial trees (RCA, LAD, and LCX) were measured from l-pig heart. These data are the first complete set for the whole coronary arterial trees. The number of hearts studied may seem small, but it is comparable to existing morphometric data in the literature. The only other organ for which a complete set of morphometric data exists is the lung. Future studies. Much work remains to be done. The corresponding data on the coronary veins and capillaries (17) must be completed. The similarities and differences between species must be clarified. The corresponding morphometry should be done for the heart in systolic condition, during the contraction process, in disease states, and in tissue remodeling in response to physical, chemical, biologic, and pharmacological factors. In parallel, hemodynamics should be studied theoretically and experimentally with the new morphometric data taken into consideration, and the results must be validated by in vivo experiments. Clarification of the effects of diseases and their treatment and rehabilitation on the morphometric features and, conversely, the effects of the changing morphological features on health and disease of humans and animals, will furnish a foundation for future medical science.
The reason for the paucity of data and studies in the past is probably technical. The work was too demanding in time and labor. The solution to a technical difficulty must be better technology. In this study we attempt to introduce some technical improvements: a better way to define the orders of blood vessels in a tree; an introduction of the connectivity matrix to describe the asymmetrical branching pattern; an improvement in circuit simulation; the use of an elastomer whose volume would not change on solidification and whose surface tension and contact angle with the endothelium are such that it perfuses easily and will fill the capillaries, and whose solidification time can be controlled through catalysts in such a way as to ensure a specific pressure during the process of solidification so that the distensibility of the vessel can be measured; and, above all, the use of an image grabber and computer graphics to speed the data collection.
With easier specimen preparation, faster data collection, more rigorous mathematical modeling, and improved hemodynamic computations, future morphometry will be much faster and more useful than at present.
APPENDIX: COUNTING THE TOTAL NUMBER OF BRANCHES OF AN ARTERIAL TREE
A coronary arterial tree has too many branches to be counted like a census of a nation's population. To make the counting manageable, we made a cast of each tree, using Cab-O-W particles mixed in silicone elastomer. The aggregates of Cab-O&l particles prevented the elastomer filling of the capillaries and small vessels. Hence, we obtained arterial trees with varying degree of filling of the terminal branches in the diameter range of 20 to several hundred micrometers. The obtained casts are shown in Fig. 3 for the RCA, LAD, and LCX. All branches of each cast were then measured and counted in totality, i.e., not by statistical sampling, as in the case for the morphometry of pulmonary airways, arteries, and veins (13, 21, 29, 31, 33). For the smaller blood vessels, we used histological specimens obtained from the polymer-cast tissue blocks to measure the branching pattern of vessels of orders O-4. The data from the fully measured arterial tree cast and the small arterial subtrees measured from the histological blocks were then matched together at order 4. Values for corrected totals are means k SE.
The method can be best explained by an example shown in Table 10 . Consider the RCA, whose polymer cast is shown in Fig. 3A : trunk data are shown in Fig. 5A , the segment-toelement number ratios are given in Table 5 , and the connectivity matrix is given in Table 6 . The total number of intact elements of each order obtained from the cast is listed in the second column of Table 10 . The total number of the elements in each order that were cut or broken off from the cast because of the obstruction of elastomer filling by Cab-0-Sil is listed in the third column of Table 10 . The numbers in the next column are computed. They are the extrapolated numbers of elements of each order contained in the missing subtrees that stem from the broken-off branches listed in the third column. This extrapolation is computed according to the connectivity matrix given in Table 6 . That is, when the RCA tree cast is not filled completely or is cut at some orders, the connectivity matrix given in Table 6 can be used to extrapolate the missing branches by the formula NL = ? Ch m)[Nh + N, cutI (10) 7 m=n Here C( n, m) is component of connectivity matrix in row n and column m, Ni and N& are the number of elements of orders m and n, respectively, in the missing subtrees, and m is equal or smaller than n with an upper limit of 11 for RCA. The computation is done first for n = 11, and then we proceed to n = 10, 9, . . . , in succession, including in this process all the missing subtrees. The largest cut branch of each missing subtree is not counted by itself because it is already included in column 3 of Table 10 , but if the diagonal components of C(n, m) are not zero, then there are additional order n vessels in the missing subtree that must be computed according to Eq. 10 by including the number of cut branches, N, cut, in the ' formula. N, cut is given in column 3 of Table 10 .
The final column of Table 10 is the sum of the numbers in the preceding three columns. It is the total number of elements in each order.
The propagated error in the mean of the total number of elements can be calculated according to the rule of propagation of errors. Taking 
